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Abstract
In this paper, first we modify the definition of a Hom-Lie algebroid introduced by Laurent-
Gengoux and Teles and give its equivalent dual description. Many results that parallel to
Lie algebroids are given. In particular, we give the notion of a Hom-Poisson manifold and
show that there is a Hom-Lie algebroid structure on the pullback of the cotangent bundle
of a Hom-Poisson manifold. Then we give the notion of a Hom-Lie bialgebroid, which is a
natural generalization of a purely Hom-Lie bialgebra and a Lie bialgebroid. We show that the
base manifold of a Hom-Lie bialgebroid is a Hom-Poisson manifold. Finally, we introduce the
notion of a Hom-Courant algebroid and show that the double of a Hom-Lie bialgebroid is a
Hom-Courant algebroid. The underlying algebraic structure of a Hom-Courant algebroid is a
Hom-Leibniz algebra, or a Hom-Lie 2-algebra.
Contents
1 Introduction 2
2 Preliminaries 3
3 Hom-Lie algebroids 5
3.1 Dual description of Hom-Lie algebroids . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Tangent Hom-Lie algebroids and action Hom-Lie algebroids . . . . . . . . . . . . . 9
3.3 Differential calculus on Hom-Lie algebroids . . . . . . . . . . . . . . . . . . . . . . . 11
3.4 The Hom-Lie algebroid associated to a Hom-Poisson manifold . . . . . . . . . . . . 15
0Keyword: Hom-Lie algebra, Hom-Lie algebroid, Hom-Poisson manifold, Hom-Lie bialgebroid, Hom-Courant
algebroid
0MSC: 17B99, 53D17.
∗Research supported by NSFC (11471139) and NSF of Jilin Province (20140520054JH).
1
4 Hom-Lie bialgebroids 17
5 Hom-Courant algebroids 19
1 Introduction
In the study of σ-derivations of an associative algebra, Hartwig, Larsson and Silvestrov introduced
the notion of a Hom-Lie algebra in [6]. Some q-deformations of the Witt and the Virasoro algebras
have the structure of a Hom-Lie algebra ([6–8, 11, 12]). Then in [16], Makhlouf and Silvestrov mod-
ified the definition of a Hom-Lie algebra. In Makhlouf and Silvestrov’s new definition, a Hom-Lie
algebra (g, [·, ·]g, φg) is a nonassociative algebra (g, [·, ·]g) together with an algebra homomorphism
φg : g −→ g such that [·, ·]g is skew-symmetric and the following Hom-Jacobi identity holds:
[φg(x), [y, z]g]g + [φg(y), [z, x]g]g + [φg(z), [x, y]g]g = 0, ∀x, y, z ∈ g.
On the set of (σ, σ)-derivations of a commutative algebra, there is a natural Hom-Lie algebra
structure in the sense of Makhlouf and Silvestrov ([4]). In the sequel, we only consider Makhlouf
and Silvestrov’s Hom-Lie algebra. Recently, the interest in Hom-algebras grows again due to the
work of geometrization of Hom-Lie algebras ([10]), quantization of Hom-Poisson structures ([3])
and integration of Hom-Lie algebras ([9]).
The notion of a Lie algebroid was introduced by Pradines in 1967, which is a generalization
of Lie algebras and tangent bundles. See [14] for general theory about Lie algebroids. They play
important roles in various parts of mathematics. In [10], Laurent-Gengoux and Teles introduced
the notion of a Hom-Lie algebroid with the help of Hom-Gerstenhaber algebra. They showed that
there is a one-to-one correspondence between Hom-Gerstenhaber algebra structures on Γ(∧•A )
and Hom-Lie algebroid structures on a vector bundle A . The work in [10] could serve to broaden
the scope in important directions as the future mathematical landscape continues to develop.
The first aim of this paper is to develop theories that parallel to Lie algebroids for Hom-Lie
algebroids. First we introduce the notion of a Hom-bundle to make the definition of a Hom-
Lie algebroid concise. There is a slight difference between our Hom-Lie algebroid and the one
introduced in [10]. We give the dual description of a Hom-Lie algebroid using twisted differential
graded commutative algebra. On the pullback bundle of a Lie algebroid, there is a Hom-Lie
algebroid structure. In particular, for any diffeomorphism ϕ : M −→ M , the pull back ϕ!TM of
the tangent Lie algebroid TM is naturally a Hom-Lie algebroid. On one hand, this can be viewed as
the fundamental example of Hom-Lie algebroids and verifies the validity of our definition of a Hom-
Lie algebroid. On the other hand, this shows the naturality of the Hom-Lie algebroid structure.
We show that the anchor map of a Hom-Lie algebroid is a Hom-Lie algebroid homomorphism to
ϕ!TM . Using the Hom-Lie algebroid structure on ϕ!TM , we introduce the notion of a Hom-Poisson
tensor, which is equivalent to a purely Hom-Poisson algebra structure onC∞(M). This is nontrivial.
Without the discovery of the Hom-Lie algebroid ϕ!TM , the definition of a Hom-Poisson manifold
could not be given so elegantly. Finally, we show that there is a Hom-Lie algebroid structure on
ϕ!T ∗M associated to a Hom-Poisson manifold.
The second aim of this paper is to study the bialgebroid theory for Hom-Lie algebroids. We
give the definition of a Hom-Lie bialgebroid using the Hom-Gerstenhaber algebra structure given
in [10] and the differential operator given in this paper. We show that a Hom-Poisson manifold
gives rise to a Hom-Lie bialgebroid naturally and the base manifold of a Hom-Lie bialgebroid is
a Hom-Poisson manifold. This generalizes the classical results about Poisson manifolds and Lie
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bialgebroids. Then we introduce the notion of a Hom-Courant algebroid and show that on the
double of a Hom-Lie bialgebroid, there is naturally a Hom-Courant algebroid structure. Finally,
we investigate the algebraic structure underlying a Hom-Courant algebroid and show that a Hom-
Courant algebroid gives rise to a Hom-Lie 2-algebra, which is the categorification of a Hom-Lie
algebra ([21]).
Note that a Hom-Lie algebroid is not only a formal generalization of a Lie algebroid. It has
its own geometric meaning and fruitful examples, such as aforementioned the Hom-Lie algebroid
ϕ!TM and the Hom-Lie algebroid associated to a Hom-Poisson manifold. This makes our result
full of interest.
The paper is organized as follows. In Section 2, we give a review of representations of Hom-Lie
algebras and purely Hom-Lie bialgebras. In Section 3, first we give the notion of a Hom-bundle and
provide several examples. Then in Subsection 3.1, we give the definition of a Hom-Lie algebroid and
give its dual description. In Subsection 3.2, we give the Hom-Lie algebroid ϕ!TM and show that
the anchor of a Hom-Lie algebroid is a Hom-Lie algebroid homomorphism to ϕ!TM . In Subsection
3.3, we give the formula of a Lie derivative for a Hom-Lie algebroid and provide many useful
formulas. In Subsection 3.4, we introduce the notion of a Hom-Poisson manifold and show that
there is a natural Hom-Lie algebroid structure on ϕ!T ∗M associated to a Hom-Poisson manifold.
In Section 4, we introduce the notion of a Hom-Lie bialgebroid and show that the base manifold
of a Hom-Lie bialgebroid is a Hom-Poisson manifold. In Section 5, we introduce the notion of a
Hom-Courant algebroid, and show that the double of a Hom-Lie bialgebroid is a Hom-Courant
algebroid and a Hom-Courant algebroid gives rise to a Hom-Lie 2-algebra.
2 Preliminaries
Let A be an associative algebra, σ and τ two algebra endomorphisms on A. A (σ, τ)-derivation
on A is a linear map D : A −→ A such that
D(ab) = D(a)τ(b) + σ(a)D(b), ∀ a, b ∈ A.
The set of all (σ, τ)-derivations on A is denoted by Derσ,τ (A).
The notion of a (σ, τ)-differential graded commutative algebra was introduced in [22] to give
the equivalent dual description of a Hom-Lie algebra.
Definition 2.1. ([22]) A (σ, τ)-differential graded commutative algebra consists of a graded
commutative algebra A = ⊕kAk, degree 0 algebra endomorphisms σ and τ , and a degree 1 operator
dA : Ak −→ Ak+1, such that the following conditions are satisfied:
(1) d2A = 0;
(2) dA ◦ σ = σ ◦ dA, dA ◦ τ = τ ◦ dA;
(3) dA(ab) = dA(a)τ(b) + (−1)
kσ(a)dA(b), ∀ a ∈ Ak, b ∈ Al.
Let A be a commutative algebra and σ an algebra isomorphism. Define a skew-symmetric
bilinear map [·, ·]σ : ∧
2Derσ,σ(A) −→ Derσ,σ(A) by
[D1, D2]σ = σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1, ∀D1, D2 ∈ Derσ,σ(A).
Define Adσ : Derσ,σ(A)→ Derσ,σ(A) by
Adσ(D) = σ ◦D ◦ σ
−1.
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Theorem 2.2. ([4]) With the above notations, (Derσ,σ(A), [·, ·]σ ,Adσ) is a Hom-Lie algebra.
A Hom-Lie algebra (g, [·, ·]g, φg) is called a regular Hom-Lie algebra if φg is an algebra
automorphism. In the sequel, all Hom-Lie algebras are regular.
Definition 2.3. ([20]) A representation of a Hom-Lie algebra (g, [·, ·]g, φg) on a vector space V
with respect to β ∈ gl(V ) is a linear map ρ : g −→ gl(V ), such that for all x, y ∈ g, the following
equalities are satisfied:
ρ(φg(x)) ◦ β = β ◦ ρ(x);
ρ([x, y]g) ◦ β = ρ(φg(x)) ◦ ρ(y)− ρ(φg(y)) ◦ ρ(x).
We denote a representation by (V, β, ρ). See [1, 17, 20] for more details about representations
and cohomologies of Hom-Lie algebras and their applications.
Let (g, [·, ·]g, φg) be a Hom-Lie algebra. The linear map φg : g −→ g can be extended to a linear
map from ∧kg −→ ∧kg, for which we use the same notation φg via
φg(x1 ∧ · · · ∧ xk) = φg(x1) ∧ · · · ∧ φg(xk).
Furthermore, the bracket operation [·, ·]g can also be extended to ∧
•g via
Vx1 ∧ · · · ∧ xm, y1 ∧ · · · ∧ ynWg =
∑
i,j
(−1)i+j [xi, yj ]g ∧ φg(x1 ∧ · · · x̂i · · · ∧ xm ∧ y1 ∧ · · · ŷj · · · ∧ yn),
for all x1 ∧ · · · ∧ xm ∈ ∧
mg, y1 ∧ · · · ∧ yn ∈ ∧
ng. Consequently, (⊕k ∧
k g,∧, V·, ·Wg, φg) is a Hom-
Gerstenhaber algebra introduced in [10]. There is a natural representation of g on ∧kg, which we
denote by ad, given by
adxY = Vx, Y Wg, ∀x ∈ g, Y ∈ ∧
kg.
Let (V, β, ρ) be a representation of a Hom-Lie algebra (g, [·, ·]g, φg). In the sequel, we always
assume that β is invertible. Define ρ∗ : g −→ gl(V ∗) as usual by
〈ρ∗(x)(ξ), u〉 = −〈ξ, ρ(x)(u)〉, ∀x ∈ g, u ∈ V, ξ ∈ V ∗.
However, in general ρ∗ is not a representation of g anymore (see [2] for details). Define ρ⋆ : g −→
gl(V ∗) by
ρ⋆(x)(ξ) := ρ∗(φg(x))
(
(β−2)∗(ξ)
)
, ∀x ∈ g, ξ ∈ V ∗. (1)
More precisely, we have
〈ρ⋆(x)(ξ), u〉 = −〈ξ, ρ(φ−1g (x))(β
−2(u))〉, ∀x ∈ g, u ∈ V, ξ ∈ V ∗. (2)
Then (V ∗, (β−1)∗, ρ⋆) is a representation of (g, [·, ·]g, φg), called the dual representation. See [4] for
more details. In particular, ad⋆ which is given by
ad⋆xξ = ad
∗
φg(x)(φ
−2
g )
∗(ξ), ∀x ∈ g, ξ ∈ g∗, (3)
is called the coadjoint representation of (g, [·, ·]g, φg) on g
∗ with respect to (φ−1g )
∗.
Definition 2.4. ([4]) Let (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , (φ
−1
g )
∗) be two Hom-Lie algebras. (g, g∗) is
called a purely Hom-Lie bialgebra if the following compatibility condition holds:
∆([x, y]g) = adφ−1g (x)∆(y)− adφ−1g (y)∆(x),
where ∆ : g −→ ∧2g is the dual of the Hom-Lie algebra structure [·, ·]g∗ : ∧
2g∗ −→ g∗ on g∗.
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Theorem 2.5. ([4]) Let (g, g∗) be a purely Hom-Lie bialgebra. Then
(
g⊕g∗, [·, ·]⊲⊳, φg⊕(φ
−1
g )
∗, (·, ·)+
)
is a quadratic Hom-Lie algebra, where the Hom-Lie bracket [·, ·]⊲⊳ and the symmetric bilinear form
(·, ·)+ are given by
[x+ ξ, y + η]⊲⊳ =
(
[x, y]g + ad
⋆
ξy − ad
⋆
ηx
)
+
(
[ξ, η]g∗ + ad
⋆
xη − ad
⋆
yξ
)
,
(x + ξ, y + η)+ = ξ(y) + η(x), ∀x, y ∈ g, ξ, η ∈ g
∗,
where ad⋆ is the coadjoint representation of the Hom-Lie algebra (g∗, [·, ·]g∗ , (φ
−1
g )
∗).
3 Hom-Lie algebroids
Let M be a differential manifold and ϕ : M −→ M a smooth map. Then the pullback map
ϕ∗ : C∞(M) −→ C∞(M) is a morphism of the function ring C∞(M), i.e.
ϕ∗(fg) = ϕ∗(f)ϕ∗(g), ∀f, g ∈ C∞(M). (4)
Definition 3.1. A Hom-bundle is a vector bundle A → M equipped with a smooth map ϕ :
M →M and a linear map φA : Γ(A)→ Γ(A) such that the following condition holds:
φA(fx) = ϕ
∗(f)φA(x), ∀x ∈ Γ(A), f ∈ C
∞(M). (5)
We will call the condition (5) ϕ∗-function linear in the sequel. A Hom-bundle (A → M,ϕ, φA)
is said to be invertible if ϕ is a diffeomorphism and φA is an invertible linear map.
Example 3.2. Let (A → M,ϕ, φA) be a Hom-bundle. φA induces a linear map from Γ(∧
kA) to
Γ(∧kA), which we use the same notation, by
φA(X) = φA(x1) ∧ · · · ∧ φA(xk), ∀ X = x1 ∧ · · · ∧ xk ∈ Γ(∧
kA). (6)
Then (∧kA,ϕ, φA) is a Hom-bundle.
Assume that (A → M,ϕ, φA) is invertible. We use ϕ
−1 and φ−1A to denote the inverses of ϕ
and φA respectively. It is straightforward to obtain
φ−1A (fX) = (ϕ
∗)−1(f)φ−1A (X), ∀ f ∈ C
∞(M), X ∈ Γ(∧kA). (7)
Therefore, (A→M,ϕ−1, φ−1A ) is also a Hom-bundle.
Define φ†A : Γ(∧
kA∗)→ Γ(∧kA∗) by1
(φ†A(Ξ))(X) = ϕ
∗Ξ(φ−1A (X)), ∀X ∈ Γ(∧
kA),Ξ ∈ Γ(∧kA∗). (8)
By (7), φ†A is well-defined. Obviously, we have
φ
†
A(fΞ) = ϕ
∗(f)φ†A(Ξ). (9)
Therefore, (∧kA∗, ϕ, φ†A) is a Hom-bundle.
Let B −→ M be a vector bundle over M and ϕ : M −→ M a smooth map. We use ϕ!B to
denote the pullback bundle of B along ϕ. For any y ∈ Γ(B), we use y! ∈ Γ(ϕ!B) to denote the
corresponding pullback section, i.e. y!(m) = y(ϕ(m)) for m ∈M .
1Since φA is not a bundle map, the usual φ
∗
A
is meaningless.
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Example 3.3. ([10]) For any bundle map Φ : ϕ!B −→ B, define φϕ!B : Γ(ϕ
!B) −→ Γ(ϕ!B) by
φϕ!B(x) = (Φ(x))
!, ∀x ∈ Γ(ϕ!B).
Then we have
φϕ!B(fx) = (Φ(fx))
! = (fΦ(x))! = ϕ∗(f)(Φ(x))! = ϕ∗(f)φϕ!B(x).
Therefore, (ϕ!B,ϕ, φϕ!B) is a Hom-bundle.
Example 3.4. Let M be a manifold and ϕ : M → M a diffeomorphism. As pointed in [10,
Remark 3.8], Γ(ϕ!TM) can be identified with the set of (ϕ∗, ϕ∗)-derivations Derϕ∗,ϕ∗(C
∞(M)) on
C∞(M), i.e. for all f, g ∈ C∞(M), x ∈ Γ(ϕ!TM), we have
x(fg) = x(f)ϕ∗(g) + ϕ∗(f)x(g).
Define Adϕ∗ : Γ(ϕ
!TM) −→ Γ(ϕ!TM) by
Adϕ∗(x) = ϕ
∗ ◦ x ◦ (ϕ∗)−1, ∀x ∈ Γ(ϕ!TM). (10)
Then (ϕ!TM,ϕ,Adϕ∗) is a Hom-bundle.
3.1 Dual description of Hom-Lie algebroids
Definition 3.5. A Hom-Lie algebroid structure on a Hom-bundle (A→M,ϕ, φA) is a pair that
consists of a Hom-Lie algebra structure (Γ(A), [·, ·]A, φA) on the section space Γ(A) and a bundle
map aA : A→ ϕ
!TM , called the anchor, such that the following conditions are satisfied:
(i) For all x, y ∈ Γ(A) and f ∈ C∞(M), [x, fy]A = ϕ
∗(f)[x, y]A + aA(φA(x))(f)φA(y);
(ii) the anchor aA : Γ(A) −→ Γ(ϕ
!TM) is a representation of Hom-Lie algebra (Γ(A), [·, ·]A, φA)
on C∞(M) with respect to ϕ∗.
We denote a Hom-Lie algebroid by (A,ϕ, φA, [·, ·]A, aA).
In particular, if ϕ = id and φA = id, a Hom-Lie algebroid is exactly a Lie algebroid. See [14]
for more details about Lie algebroids.
Remark 3.6. In [10], the authors had already defined a Hom-Lie algebroid. There is a slight
difference between the above definition of a Hom-Lie algebroid and that one. In [10], a Hom-Lie
algebroid is defined to be a quintuple (A → M,ϕ, α, [·, ·]A , ρ), where (A → M,ϕ, α) is a Hom-
bundle, (Γ(A ), [·, ·]A , α) is a Hom-Lie algebra, ρ : ϕ
!A → ϕ!TM is a bundle map such that
(C∞(M), ϕ∗, ρ) is a representation of (Γ(A ), [·, ·]A , α) and the following condition holds:
[X,FY ]A = ϕ
∗(f)[X,Y ]A + ρ(X)[f ]α(Y ), ∀X,Y ∈ Γ(A ), F ∈ C
∞(M), (11)
where the value of ρ(X)[F ] at m ∈ M is equal to 〈dϕ(m)F, ρm(Xϕ(m))〉. Note that the condition
(11) is not the same as the condition (i) in Definition 3.5.
If ϕ is a diffeomorphism, then (A = ϕ!A , ϕ, φA = α
!, [·, ·]A, aA = ρ) is a Hom-Lie algebroid in
the sense of Definition 3.5, where α! : Γ(A ) −→ Γ(A ) is defined by α!(Y !) = α(Y )! for Y ∈ Γ(A )
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and [·, ·]A is defined by [X
!, Y !]A = [X,Y ]
!
A
for X,Y ∈ Γ(A ). To see that the condition (i) holds,
we let x = X !, y = Y ! ∈ Γ(A) and f = ϕ∗(F ) ∈ C∞(M). Then we have
[x, fy]A = [X
!, (FY )!]A = [X,FY ]
!
A
=
(
ϕ∗(F )[X,Y ]A
)!
+
(
ρ(X)[F ]α(Y )
)!
= ϕ∗(ϕ∗(F ))[X,Y ]!A + ϕ
∗(ρ(X)[F ])(α(Y ))!
= ϕ∗(f)[X !, Y !]A + ρ(α(X))[ϕ
∗(F )](α!(Y !))
= ϕ∗(f)[x, y]A + aA(φA(x))(f)(φA(y)).
In the sequel, we will see that our Hom-Lie algebroids are easy to be treated and have interesting
examples.
In the sequel, we always assume that the underlying Hom-bundle (A→M,ϕ, φA) is invertible.
Define a differential operator d : Γ(∧kA∗)→ Γ(∧k+1A∗) by
(dΞ)(x1, · · · , xk+1) =
k+1∑
i=1
(−1)i+1aA(xi)Ξ
(
φ−1A (x1), · · · ,
̂φ−1A (xi), · · · , φ
−1
A (xk+1)
)
+
∑
i<j
(−1)i+jφ†A(Ξ)
(
[φ−1A (xi), φ
−1
A (xj)]A, x1, · · · , x̂i, · · · , x̂j , · · · , xk+1
)
. (12)
Theorem 3.7. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid. Then we have d
2 = 0. Further-
more, for all Ξ ∈ Γ(∧kA∗) and Θ ∈ Γ(∧lA∗), there holds:
d ◦ φ†A = φ
†
A ◦ d; (13)
d(Ξ ∧Θ) = dΞ ∧ φ†A(Θ) + (−1)
kφ
†
A(Ξ) ∧ dΘ. (14)
Therefore, (⊕kΓ(∧
kA∗),∧, φ†A, d) is a (φ
†
A, φ
†
A)-differential graded commutative algebra.
Proof. Since aA is a representation of (Γ(A), [·, ·]A, φA) on C
∞(M) with respect to ϕ∗, we can
obtain d2 = 0 directly. By direct calculation, (13) follows immediately.
In the following, we prove that (14) holds by induction on k. For k = 0, for all f ∈ C∞(M),
we have
d(fΘ)(x1, · · · , xl+1)
=
l+1∑
i=1
(−1)i+1aA(xi)
(
fΘ(φ−1A (x1), · · · ,
̂φ−1A (xi), · · · , φ
−1
A (xl+1))
)
+
∑
i<j
(−1)i+j(φ†A(fΘ))([φ
−1
A (xi), φ
−1
A (xj)]A, x1, · · · , x̂i, · · · , x̂j , · · · , xl+1)
=
l+1∑
i=1
(−1)i+1
(
aA(xi)(f)ϕ
∗Θ(φ−1A (x1), · · · ,
̂φ−1A (xi), · · · , φ
−1
A (xl+1))
+ϕ∗(f)aA(xi)(Θ(φ
−1
A (x1), · · · ,
̂φ−1A (xi), · · · , φ
−1
A (xl+1)))
)
+
∑
i<j
(−1)i+jϕ∗(f)φ†A(Θ)([φ
−1
A (xi), φ
−1
A (xj)]A, x1, · · · , x̂i, · · · , x̂j , · · · , xl+1)
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=l+1∑
i=1
(−1)i+1df(xi)φ
†
A(Θ)(x1, · · · , x̂i, · · · , xk+1) + ϕ
∗(f)dΘ(x1, · · · , xl+1)
=
(
df ∧ φ†A(Θ) + ϕ
∗(f)dΘ
)
(x1, · · · , xl+1),
which means that
d(fΘ) = df ∧ φ†A(Θ) + ϕ
∗(f)dΘ.
Assume that for k ≤ n, (14) holds. For ξ ∈ Γ(A∗),Ξ ∈ Γ(∧nA∗), we have
d(Ξ ∧ ξ ∧Θ) = dΞ ∧ φ†A(ξ ∧Θ) + (−1)
nφ
†
A(Ξ) ∧ d(ξ ∧Θ)
= dΞ ∧ (φ†A(ξ) ∧ φ
†
A(Θ)) + (−1)
nφ
†
A(Ξ) ∧ (dξ ∧ φ
†
A(Θ)− φ
†
A(ξ) ∧ dΘ)
=
(
dΞ ∧ φ†A(ξ) + (−1)
nφ
†
A(Ξ) ∧ dξ
)
∧ φ†A(Θ) + (−1)
n+1φ
†
A(Ξ) ∧ φ
†
A(ξ) ∧ dΘ
= d(Ξ ∧ ξ) ∧ φ†A(Θ) + (−1)
n+1φ
†
A(Ξ ∧ ξ) ∧ dΘ,
which implies that, for k = n+ 1, (14) holds.
The converse of the above result is also true.
Theorem 3.8. Let (A → M,ϕ, φA) be an invertible Hom-bundle. If (⊕kΓ(∧
kA∗),∧, φ†A, d) is a
(φ†A, φ
†
A)-differential graded commutative algebra, then (A,ϕ, φA, [·, ·]A, aA) is a Hom-Lie algebroid,
where for all ξ ∈ Γ(A∗), x1, x2 ∈ Γ(A) and f ∈ C
∞(M), the anchor aA and the bracket [·, ·]A are
respectively defined by
aA(x)(f) = 〈df, x〉 (15)
and
〈[x1, x2]A, ξ〉 = −(d(φ
†
A)
−1(ξ))(φA(x1), φA(x2))
+aA(φA(x1)〈(φ
†
A)
−1(ξ), x2〉 − aA(φA(x2))〈(φ
†
A)
−1(ξ), x1〉. (16)
Proof. For all x ∈ Γ(A), f ∈ C∞(M), by (15), we have
aA(φA(x))(ϕ
∗(f)) = 〈dϕ∗(f), φA(x)〉 = 〈φ
†
A(df), φA(x)〉 = ϕ
∗〈df, x〉 = ϕ∗aA(x)(f),
which implies that
aA(φA(x)) ◦ ϕ
∗ = ϕ∗ ◦ aA(x). (17)
For all x1, x2 ∈ Γ(A) and f ∈ C
∞(M), we have
(d2f)(φA(x1), φA(x2)) = 0,
which implies that
aA([x1, x2]A) ◦ ϕ
∗ = aA(φA(x1)) ◦ aA(x2)− aA(φA(x2)) ◦ aA(x1). (18)
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For all ξ ∈ Γ(A∗), x1, x2 ∈ Γ(A), by (16), we have
d(φ†A(ξ))(x1, x2) = aA(x1)(φ
†
A(ξ)(φ
−1
A (x2))) − aA(x2)(φ
†
A(ξ)(φ
−1
A (x1)))
−((φ†A)
2(ξ))([φ−1A (x1), φ
−1
A (x2)]A);
φ
†
Adξ(x1, x2) = ϕ
∗dξ(φ−1A (x1), φ
−1
A (x2))
= aA(x1)(φ
†
A(ξ)(φ
−1
A (x2))) − aA(x2)(φ
†
A(φ
−1
A (x1)))
−((φ†A)
2(ξ))(φA[φ
−2
A (x1), φ
−2
A (x2)]A).
Then by (13), we have
φA[x1, x2]A = [φA(x1), φA(x2)]A, (19)
which implies that φA is an algebra endomorphism.
By (14) and (16), for all Ξ ∈ Γ(∧2A∗), the following equality holds:
d(Ξ)(x1, x2, x3) = aA(x1)(Ξ(φ
−1
A (x2), φ
−1
A (x3))) − aA(x2)(Ξ(φ
−1
A (x1), φ
−1
A (x3)))
+aA(x3)(Ξ(φ
−1
A (x1), φ
−1
A (x2)))− φ
†
A(Ξ)([φ
−1
A (x1), φ
−1
A (x2)]A, x3)
+φ†A(Ξ)([φ
−1
A (x1), φ
−1
A (x3)]A, x2)− φ
†
A(Ξ)([φ
−1
A (x2), φ
−1
A (x3)]A, x1).
Then by (d2ξ)(x1, x2, x3) = 0, for all ξ ∈ Γ(A
∗) and x1, x2, x3 ∈ Γ(A), we have
[[x1, x2]A, φA(x3)]A + [[x2, x3]A, φA(x1)]A + [[x3, x1]A, φA(x2)]A = 0. (20)
Thus, by (19) and (20), (Γ(A), [·, ·]A, φA) is a Hom-Lie algebra. By (17) and (18), aA is a repre-
sentation of Hom-Lie algebra (Γ(A), [·, ·]A, φA) on C
∞(M) with respect to ϕ∗.
For ξ ∈ Γ(A∗), x1, x2 ∈ Γ(A) and f ∈ C
∞(M), we have
dξ(φA(x1), φA(fx2)) = ϕ
∗(f)aA(φA(x1))(ξ(x2)) + aA(φA(x1))(f)ϕ
∗(ξ(x2))
−ϕ∗(f)aA(φA(x2))(ξ(x1))− φ
†
A(ξ)([x1, fx2]A)
= ϕ∗(f)aA(φA(x1))(ξ(x2))− ϕ
∗(f)aA(φA(x2))(ξ(x1))
+aA(φA(x1))(f)φ
†
A(ξ)(φA(x2))− φ
†
A(ξ)([x1 , fx2]A).
On the other hand, we have
dξ(φA(x1), φA(fx2)) = ϕ
∗(f)dξ(φA(x1), φA(x2))
= ϕ∗(f)aA(φA(x1))(ξ(x2))− ϕ
∗(f)aA(φA(x2))(ξ(x1))− ϕ
∗(f)φ†A(ξ)([x1, x2]A).
Thus, we have
[x1, fx2]A = ϕ
∗(f)[x1, x2]A + aA(φA(x1))(f)φA(x2).
Therefore, (A,ϕ, φA, [·, ·]A, aA) is a Hom-Lie algebroid.
3.2 Tangent Hom-Lie algebroids and action Hom-Lie algebroids
Let ϕ : M → M be a diffeomorphism. Define a skew-symmetric bilinear operation [·, ·]ϕ∗ :
∧2Γ(ϕ!TM) −→ Γ(ϕ!TM) by
[x, y]ϕ∗ = ϕ
∗ ◦ x ◦ (ϕ∗)−1 ◦ y ◦ (ϕ∗)−1 − ϕ∗ ◦ y ◦ (ϕ∗)−1 ◦ x ◦ (ϕ∗)−1. (21)
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Proposition 3.9. With the above notations, (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id) is a Hom-Lie algebroid,
where Adϕ∗ is given by (10) and [·, ·]ϕ∗ is given by (21).
Proof. By Theorem 2.2, (Γ(ϕ!TM), [·, ·]ϕ∗ ,Adϕ∗) is a Hom-Lie algebra. For all f ∈ C
∞(M), we
have
[x, fy]ϕ∗(g) =
(
ϕ∗ ◦ x ◦ (ϕ∗)−1 ◦ fy ◦ (ϕ∗)−1 − ϕ∗ ◦ fy ◦ (ϕ∗)−1 ◦ x ◦ (ϕ∗)−1
)
(g)
= ϕ∗x
(
(ϕ∗)−1(f)(ϕ∗)−1y((ϕ∗)−1g)
)
− ϕ∗(f)ϕ∗y((ϕ∗)−1x((ϕ∗)−1g))
= ϕ∗x((ϕ∗)−1(f))ϕ∗y((ϕ∗)−1g) + ϕ∗(f)ϕ∗x((ϕ∗)−1y((ϕ∗)−1g))
−ϕ∗(f)ϕ∗y((ϕ∗)−1x((ϕ∗)−1g))
=
(
ϕ∗(f)[x, y]ϕ∗ +Adϕ∗(x)(f)Adϕ∗(y)
)
(g),
which implies that [x, fy]ϕ∗ = ϕ
∗(f)[x, y]ϕ∗ +Adϕ∗(x)(f)Adϕ∗(y).
It is obvious that id is a representation of (Γ(ϕ!TM), [·, ·]ϕ∗ ,Ad
∗
ϕ) on C
∞(M) with respect to
ϕ∗. Thus (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id) is a Hom-Lie algebroid.
Remark 3.10. The above proposition tells us that the pullback of the tangent Lie algebroid TM
is a Hom-Lie algebroid. We can obtain a more general result: for any Lie algebroid equipped with
some extra structures, we can obtain a Hom-Lie algebroid. Let (A, [·, ·]A, aA) be a Lie algebroid
and (A, ϕ, α) a Hom-bundle. If α[x, y]A = [α(x), α(y)]A and aA(α(x)) ◦ ϕ
∗ = ϕ∗ ◦ aA(x), then
(A = ϕ!A, ϕ, φA = α
!, [·, ·]A, aA) is a Hom-Lie algebroid, where α
! : Γ(A) −→ Γ(A), the Hom-Lie
bracket [·, ·]A and aA : Γ(A) −→ Γ(ϕ
!TM) are defined by
α!(x!) = α(x)!, [x!, y!]A = [α(x), α(y)]
!
A, aA(x
!) = ϕ∗ ◦ aA(x) = aA(x)
!
for all x, y ∈ Γ(A). In particular, let (A, [·, ·]A, aA) be the tangent Lie algebroid TM and α = Adϕ∗ ,
we obtain the Hom-Lie algebroid (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id) given in the above proposition.
Definition 3.11. Let (A,ϕ, φA, [·, ·]A, aA) and (B,ϕ, φB , [·, ·]B , aB) be two Hom-Lie algebroids
over the same base M . A bundle map σ : A −→ B is called a morphism of Hom-Lie algebroids,
if for all x, y ∈ Γ(A), the following conditions are satisfied:
aB ◦ σ = aA,
σ ◦ φA(x) = φB ◦ σ(x),
σ([x, y]A) = [σ(x), σ(y)]B .
Proposition 3.12. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and ϕ : M → M be a diffeo-
morphism. Then the anchor aA is a morphism from the Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, aA) to
the Hom-Lie algebroid ϕ!TM .
Proof. Since aA : Γ(A) −→ Γ(ϕ
!TM) is a representation of (Γ(A), [·, ·]A, φA) on C
∞(M) with
respect to ϕ∗, we have
aA(φA(x)) = Adϕ∗(aA(x))
and
aA([x, y]A) =
(
aA(φAx)aA(y)− aA(φAy)aA(x)
)
◦ (ϕ∗)−1
= ϕ∗ ◦ aA(x) ◦ (ϕ
∗)−1 ◦ aA(y) ◦ (ϕ
∗)−1 − ϕ∗ ◦ aA(y) ◦ (ϕ
∗)−1 ◦ aA(x) ◦ (ϕ
∗)−1
= [aA(x), aA(y)]ϕ∗ ,
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which implies that aA is a morphism between Hom-Lie algebroids.
Using the Hom-Lie algebroid ϕ!TM , we can define an action of a Hom-Lie algebra on a manifold.
Definition 3.13. Let (g, [·, ·]g, φg) be Hom-Lie algebra and ϕ : M → M a diffeomorphism. An
action of g on M is a linear map ρ : g −→ Γ(ϕ!TM), such that for all x, y ∈ g, we have
ρ(φg(x)) = Adϕ∗(ρ(x));
ρ([x, y]g) = [ρ(x), ρ(y)]ϕ∗ .
Given an action of Hom-Lie algebra (g, [·, ·]g, φg) on M , let A = M × g be the trivial bundle.
Define a linear map φA : Γ(A) −→ Γ(A), an anchor map aρ : A −→ ϕ
!TM and a bracket
[·, ·]ρ : Γ(A) × Γ(A) −→ Γ(A) by
φA(fcx) = ϕ
∗(f)cφg(x), ∀ x ∈ g, f ∈ C
∞(M),
aρ(m,x) = ρ(x)m, ∀ m ∈M,x ∈ g,
[fcx, gcy]ρ = ϕ
∗(fg)c[x,y]g + ϕ
∗(f)aρ(φg(x))(g)cφg(y) − ϕ
∗(f)aρ(φg(y))(f)cφg(x),
where cx, cy denote the constant sections ofM×g given bym 7→ (m,x) andm 7→ (m, y) respectively.
By straightforward computations, we obtain
Proposition 3.14. With the above notations, (A =M×g, ϕ, φA, [·, ·]ρ, aρ) is a Hom-Lie algebroid,
we call it an action Hom-Lie algebroid.
3.3 Differential calculus on Hom-Lie algebroids
In this subsection, we give the Lie derivative for a Hom-Lie algebroid for later applications.
Given a Hom-Lie algebroid (A,ϕ, φA, [·, ·]A, aA), define the bilinear operation V·, ·WA : Γ(∧
pA)×
Γ(∧qA) −→ Γ(∧p+q−1A) by
Vx1 ∧ · · · ∧ xp, y1 ∧ · · · ∧ yqWA =
p∑
i=1
q∑
j=1
(−1)i+j [xi, yj]A ∧ φA(x1) ∧ · · · ∧ φ̂A(xi) ∧ · · · ∧ φA(xp)
∧φA(y1) ∧ · · · ∧ φ̂A(yj) ∧ · · · ∧ φA(yq) (22)
and
Vx, fWA = aA(φA(x))(f). (23)
Then (⊕kΓ(∧
kA),∧, V·, ·WA, φA) is a Hom-Gerstenhaber-algebra [10].
The bracket V·, ·WA is called a Hom-Schouten bracket. Actually the Hom-Schouten bracket
is determined by the following properties,
(a) VΓ(∧kA),Γ(∧lA)WA ⊂ Γ(∧
k+l−1A) for all k and l;
(b) for all smooth function f ∈ C∞(M) and x ∈ Γ(A),
Vx, fWA = aA(φA(x))(f);
(c) for all x, y ∈ Γ(A), Vx, yWA = [x, y]A;
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(d) for all X ∈ Γ(∧kA) and Y ∈ Γ(∧lA),
VX,Y WA = −(−1)
(k−1)(l−1)VY,XWA,
VX,Y ∧ ZWA = VX,Y WA ∧ φA(Z) + (−1)
(k−1)lφA(Y ) ∧ VY, ZWA.
For all X ∈ Γ(∧kA), define the interior multiplication iX : Γ(∧
mA∗)→ Γ(∧m−kA∗) by
(iXΞ)(y1, · · · , ym−k) = (φ
†
A(Ξ))(φA(X), y1, · · · , ym−k). (24)
For all f ∈ C∞(M), X ∈ Γ(∧kA),Ξ ∈ Γ(∧mA∗), we have
ifXΞ = iX(fΞ) = ϕ
∗(f)iXΞ.
By (9) and (24), we get the following formulas directly.
Proposition 3.15. For all X ∈ Γ(∧kA), Y ∈ Γ(∧lA),Ξ ∈ Γ(∧mA∗) we have
iφA(X) ◦ iY = iφA(Y ∧X) ◦ φ
†
A = (−1)
kliφA(Y ) ◦ iX ,
φ
†
A(iXΞ) = iφA(X)φ
†
A(Ξ),
(φ†A)
−1(iXΞ) = iφ−1
A
(X)(φ
†
A)
−1
(Ξ).
For x ∈ Γ(A) and X ∈ Γ(∧kA), we write
LxX = Vx,XWA,
which is the Lie derivative of multi-sections. The Lie derivative Lx : Γ(∧
kA) −→ Γ(∧kA) has
the following properties.
Proposition 3.16. For all X ∈ Γ(∧kA), Y ∈ Γ(∧lA) and f ∈ C∞(M), we have
Lx(X ∧ Y ) = LxX ∧ φA(Y ) + φA(X) ∧ LxY, (25)
L[x,y]A ◦ φA = LφA(x)Ly − LφA(y)Lx, (26)
Lx(fX) = ϕ
∗(f)LxX + aA(φA(x))φA(X), (27)
LfxX = ϕ
∗(f)LxX − φA(x) ∧ i(φ†
A
)−1(df)X. (28)
Proof. We only give the proof of (28). Others follow directly from the properties of the Hom-
Schouten bracket. For all x, y1, y2, · · · , yn ∈ Γ(A), f ∈ C
∞(M), without loss of generality we can
assume that X = y1 ∧ · · · ∧ yn, then we have
Lfx(y1 ∧ · · · ∧ yn) =
n∑
i=1
φA(y1) ∧ · · · ∧ [fx, yi]A ∧ · · · ∧ φA(yn)
= ϕ∗(f)
( n∑
i=1
φA(y1) ∧ · · · ∧ [x, yi]A ∧ · · · ∧ φA(yn)
)
−
n∑
i=1
aA(φA(yi))(f)
(
φA(y1) ∧ · · · ∧ φA(x) ∧ · · · ∧ φA(yn)
)
= ϕ∗(f)Lx(y1 ∧ · · · ∧ yn)− φA(x) ∧ i(φ†
A
)−1(df)(y1 ∧ · · · ∧ yn),
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which implies that (28) holds.
For all X ∈ Γ(∧kA), define the Lie derivative LX : Γ(∧
mA∗)→ Γ(∧m−k+1A∗) by
LX ◦ φ
†
A = iX ◦ d− (−1)
kd ◦ iφ−1
A
(X). (29)
In particular, for x ∈ Γ(A),Ξ ∈ Γ(∧mA∗), we have
〈LxΞ, Y 〉 = aA(φA(x))〈Ξ, φ
−1
A (Y )〉 − 〈φ
†
A(Ξ), Lxφ
−1
A (Y )〉, ∀Y ∈ Γ(∧
mA). (30)
It is straightforward to obtain the following formulas:
LfXΞ = ϕ
∗(f)LXΞ− (−1)
kdf ∧ iXΞ, ∀f ∈ C
∞(M), X ∈ Γ(∧kA), Ξ ∈ Γ(∧mA∗), (31)
Lx(fΞ) = ϕ
∗(f)LxΞ + a(φA(x))(f)φ
†
A(Ξ), ∀f ∈ C
∞(M), x ∈ Γ(A), Ξ ∈ Γ(∧mA∗). (32)
Remark 3.17. When M is a point, the vector bundle A reduces to a vector space. In this case,
ϕ = id and aA = 0. By (30), we have
Lxξ = ad
∗
φA(x)(φ
−2
A )
∗(ξ) = ad⋆xξ, ∀x ∈ A, ξ ∈ A
∗.
Thus, the Lie derivative L for a Hom-Lie algebroid is a natural generalization of the coadjoint
representation ad⋆ given by (3) for a Hom-Lie algebra.
Lemma 3.18. For all x ∈ Γ(A),Ξ ∈ Γ(∧mA∗),Θ ∈ Γ(∧nA∗), we have
ix(Ξ ∧Θ) = ixΞ ∧ φ
†
A(Θ) + (−1)
mφ
†
A(Ξ) ∧ ixΘ, (33)
Lx(Ξ ∧Θ) = LxΞ ∧ φ
†
A(Θ) + φ
†
A(Ξ) ∧ LxΘ. (34)
Proof. By direct calculation, we get (33). By (13), (14) and (33), we have
Lx(Ξ ∧Θ) = ixd(φ
†
A)
−1(Ξ ∧Θ) + di(φA)−1(x)(φ
†
A)
−1(Ξ ∧Θ)
= ix
(
d(φ†A)
−1(Ξ) ∧Θ) + (−1)mΞ ∧ d(φ†A)
−1(Θ)
)
+d
(
i(φA)−1(x)(φ
†
A)
−1(Ξ) ∧Θ+ (−1)mΞ ∧ i(φA)−1(x)(φ
†
A)
−1(Θ)
)
= ixd(φ
†
A)
−1(Ξ) ∧ φ†A(Θ) + (−1)
m+1φ
†
A(d(φ
†
A)
−1(Ξ)) ∧ ixΘ
+(−1)mixΞ ∧ φ
†
A(d(φ
†
A)
−1(Θ)) + φ†A(Ξ) ∧ ixd(φ
†
A)
−1(Θ)
+di(φA)−1(x)(φ
†
A)
−1(Ξ) ∧ φ†A(Θ)− (−1)
mφ
†
A(i(φA)−1(x)(φ
†
A)
−1(Ξ)) ∧ dΘ
+(−1)mdΞ ∧ φ†A(i(φA)−1(x)(φ
†
A)
−1(Θ)) + φ†A(Ξ) ∧ diφ−1
A
(x)(φ
†
A)
−1(Θ)
= (ixd(φ
†
A)
−1(Ξ) + di(φA)−1(x)(φ
†
A)
−1(Ξ)) ∧ φ†A(Θ)
+φ†A(Ξ) ∧ (ixd(φ
†
A)
−1(Θ) + diφ−1
A
(x)(φ
†
A)
−1(Θ))
= LxΞ ∧ φ
†
A(Θ) + φ
†
A(Ξ) ∧ LxΘ,
which implies that (34) holds.
Lemma 3.19. For all X ∈ Γ(∧kA), Y ∈ Γ(∧lA), we have
iVX,Y WA ◦ φ
†
A = (−1)
(k−1)(l−1)(LφA(X) ◦ iY − (−1)
(k−1)liφA(Y ) ◦ LX), (35)
13
Proof. It suffices to show that the bracket defined by (35) has the same algebraic properties as
the Hom-Schouten bracket. We only give the proof of the following equality:
VX,Y ∧ ZWA = VX,Y WA ∧ φA(Z) + (−1)
(k−1)lφA(Y ) ∧ VX,ZWA. (36)
Others can be proved similarly. In fact, for all Z ∈ Γ(∧mA),Ξ ∈ Γ(Ak+l+m−1), by (25), we have
(−1)(k−1)(l+m−1)iVX,Y ∧ZWAΞ
= LφA(X)iY ∧Z(φ
†
A)
−1(Ξ)− (−1)(k−1)(l+m)iφA(Y ∧Z)LX(φ
†
A)
−1(Ξ)
= LφA(X)iY ∧Z(φ
†
A)
−1(Ξ)− (−1)(k−1)(l+m)iφA(Y ∧Z)LX(φ
†
A)
−1(Ξ)
+(−1)(k−1)miφA(Z)LXi(φA)−1(Y )(φ
†
A)
−2(Ξ)
−(−1)(k−1)miφA(Z)LXi(φA)−1(Y )(φ
†
A)
−2(Ξ)
= LφA(X)iZ(φ
†
A)
−1(iY (φ
†
A)
−1(Ξ)) − (−1)(k−1)miφA(Z)LX(φ
†
A)
−1(iY (φ
†
A)
−1(Ξ))
+(−1)(k−1)miφA(Z)(LXi(φA)−1(Y )(φ
†
A)
−2(Ξ)− (−1)(k−1)liY L(φA)−1(X)(φ
†
A)
−2(Ξ))
= (−1)(k−1)(m−1)iφA(Y )∧VX,ZWAΞ + (−1)
(k−1)(l+m−1)iVX,Y WA∧φA(Z)Ξ
= (−1)(k−1)(l+m−1)i(VX,Y WA∧φA(Z)+(−1)(k−1)lφA(Y )∧VX,ZWA)Ξ,
which implies that (36) holds.
Corollary 3.20. For pi ∈ Γ(∧2A), f, g, h ∈ C∞(M), we have
iVπ,πWA(df ∧ dg ∧ dh) = −2
(
(ϕ∗)2pi
(
d(ϕ∗)−1pi(d(ϕ∗)−1(f), d(ϕ∗)−1(g)), d(ϕ∗)−1(h)
)
+ c.p.
)
. (37)
Proof. By (35), we have
iVπ,πWA(df ∧ dg ∧ dh)
= (iφA(π) ◦ Lπ ◦ (φ
†
A)
−1 − LφA(π) ◦ iπ ◦ (φ
†
A)
−1)(df ∧ dg ∧ dh)
= iφA(π) ◦ iπ ◦ d(d(ϕ
∗)−2f ∧ d(ϕ∗)−2g ∧ d(ϕ∗)−2h))
−2iφA(π) ◦ d ◦ iφ−1
A
(π)(ϕ
∗)−1(d(ϕ∗)−1f ∧ d(ϕ∗)−1g ∧ d(ϕ∗)−1h))
+d ◦ iπ ◦ (ϕ
∗)−1 ◦ iπ ◦ (ϕ
∗)−1(df ∧ dg ∧ dh)
= −2iφA(π) ◦ d ◦ iφ−1
A
(π)(ϕ
∗)−1(d(ϕ∗)−1f ∧ d(ϕ∗)−1g ∧ d(ϕ∗)−1h))
= −2iφA(π) ◦ d(pi(d(ϕ
∗)−1f, d(ϕ∗)−1g) ∧ d(ϕ∗)−1h+ c.p.)
= −2(φ†A)
2iφA(π)(φ
†
A)
−1d(φ†A)
−1(pi(d(ϕ∗)−1f, d(ϕ∗)−1g) ∧ d(ϕ∗)−1h+ c.p.)
= −2
(
(ϕ∗)2pi
(
d(ϕ∗)−1pi(d(ϕ∗)−1(f), d(ϕ∗)−1(g)), d(ϕ∗)−1(h)
)
+ c.p.
)
.
Lemma 3.21. For all X ∈ Γ(∧kA), Y ∈ Γ(∧lA),Ξ ∈ Γ(∧mA∗), we have
φ
†
A(LXΞ) = LφA(X)φ
†
A(Ξ), (38)
LVX,Y WA ◦ φ
†
A = (−1)
(k−1)(l−1)(LφA(X)LY − (−1)
(k−1)(l−1)LφA(Y )LX). (39)
In particular, (Γ(∧kA∗), φ†A, L) is a representation of the Hom-Lie algebra (Γ(A), [·, ·]A, φA).
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Proof. (38) follows from (13) and (25). (39) follows from (35). We omit details.
Corollary 3.22. For all X ∈ Γ(∧kA), we have
(φ†A)
−1 ◦ LX = Lφ−1
A
(X) ◦ (φ
†
A)
−1, (40)
d ◦ LX = −(−1)
kLφA(X) ◦ d. (41)
3.4 The Hom-Lie algebroid associated to a Hom-Poisson manifold
Recall that (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id) is a Hom-Lie algebroid, where Adϕ∗ and [·, ·]ϕ∗ are given by
(10) and (21) respectively.
Definition 3.23. A bisection pi ∈ Γ(∧2ϕ!TM) on a manifold M is said to be Hom-Poisson
tensor if Vpi, piWϕ!TM = 0 and Adϕ∗(pi) = pi. A Hom-Poisson manifold is a manifold M equipped
with a Hom-Poisson tensor pi. We denote a Hom-Poisson manifold by (M,ϕ, pi).
In the sequel, we investigate the relation between a Hom-Poisson manifold and a purely Hom-
Poisson algebra. Let us recall the definition of a purely Hom-Poisson algebra given in [10] first.
Definition 3.24. ([10]) A purely Hom-Poisson algebra is a quadruple (A, µ, {·, ·}, φ) consisting of
a vector space A, bilinear maps µ : A⊗A→ A and {·, ·} : A⊗A→ A and a linear map φ : A→ A
such that:
(i) (A, µ) is a commutative associative algebra,
(ii) (A, {·, ·}, φ) is a Hom-Lie algebra,
(iii) {x, µ(y, z)} = µ(φ(y), {x, z}) + µ({x, y}, φ(z)), for all x, y, z ∈ A.
Remark 3.25. The notion of a Hom-Poisson algebra was introduced in [16] in the study of formal
deformations of a Hom-associative algebra. One difference between a purely Hom-Poisson algebra
and a Hom-Poisson algebra is that the former is a commutative associative algebra, whereas the
latter is a commutative Hom-associative algebra.
Example 3.26. Let (g, [·, ·]g, φg) be a Hom-Lie algebra. Then ϕ = φ
∗
g : g
∗ −→ g∗ induces an
algebra homomorphism ϕ∗ : C∞(g∗) −→ C∞(g∗). In particular, for a linear function x ∈ g on g∗,
we have ϕ∗(x) = φg(x). Now define a bilinear map {·, ·} : ∧
2C∞(g∗) −→ C∞(g∗) by
{f, g}(ξ) = 〈ξ, [df(ξ), dg(ξ)]g〉, ∀ f, g ∈ C
∞(g∗), ξ ∈ g∗,
where d is the differential operator of the Hom-Lie algebroid (φ∗g)
!Tg∗. Then (C∞(g∗), µ, {·, ·}, ϕ∗)
is a purely Hom-Poisson algebra, where µ is the usual multiplication on smooth functions. This
answers a question about how to associate a purely Hom-Poisson algebra on S(g) proposed in [10,
Example 2.10].
LetM be a smooth manifold and (C∞(M), {·, ·}, ϕ∗) a purely Hom-Poisson algebra on C∞(M).
The Hom-Leibniz rule says that {f, ·} is a (ϕ∗, ϕ∗)-derivation on C∞(M). Thus, there exists a
bisection pi ∈ Γ(∧2ϕ!TM) such that
{f, g} = pi(df, dg), f, g ∈ C∞(M). (42)
By computation, we can obtain the following lemma.
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Lemma 3.27. With the above notions, the following conditions are equivalent:
ϕ∗{f, g} = {ϕ∗(f), ϕ∗(g)}; (43)
Adϕ∗pi = pi; (44)
Adϕ∗ ◦ pi
♯ = pi♯ ◦Ad†ϕ∗ , (45)
where Ad†ϕ∗ : Γ(ϕ
!T ∗M) −→ Γ(ϕ!T ∗M) is given by (8) and pi♯ : ϕ!T ∗M −→ ϕ!TM is a bundle
map defined by
pi♯(ξ)(η) = pi(ξ, η), ξ, η ∈ Γ(ϕ!T ∗M). (46)
Proposition 3.28. If (C∞(M), {·, ·}, ϕ∗) is a purely Hom-Poisson algebra, then (M,ϕ, pi) is a
Hom-Poisson manifold, where pi is given by (42).
Conversely, If (M,ϕ, pi) is a Hom-Poisson manifold, then (C∞(M), {·, ·}, ϕ∗) is a purely Hom-
Poisson algebra, where {·, ·} is given by (42).
Proof. By (37), we have
iVπ,πW
ϕ!TM
(df ∧ dg ∧ dh) = −2(ϕ∗)2
(
{(ϕ∗)−1{(ϕ∗)−1(f), (ϕ∗)−1(g)}, (ϕ∗)−1(h)}+ c.p.
)
.
Since ϕ∗{f, g} = {ϕ∗(f), ϕ∗(g)}, we have
iVπ,πW
ϕ!TM
(df ∧ dg ∧ dh) = −2({{f, g}, ϕ∗(h)} + {{h, f}, ϕ∗(g)}+ {{g, h}, ϕ∗(f)}),
which implies that Vpi, piWϕ!TM = 0. By Lemma 3.27, (M,ϕ, pi) is a Hom-Poisson manifold.
The converse part can be proved similarly. We omit details.
Let (M,ϕ, pi) be a Hom-Poisson manifold, define a bracket on Γ(ϕ!T ∗M) by
[ξ, η]π♯ = Lπ♯(ξ)η − Lπ♯(η)ξ − dpi(ξ, η), ∀ξ, η ∈ Γ(ϕ
!T ∗M). (47)
It is well-known that a Poisson manifold gives rise to a Lie algebroid structure on its cotangent
bundle ([5]). Similarly, we have
Theorem 3.29. Let (M,ϕ, pi) be a Hom-Poisson manifold. Then (ϕ!T ∗M,ϕ,Ad†ϕ∗ , [·, ·]π♯ , pi
♯) is
Hom-Lie algebroid, where [·, ·]π♯ is given by (47). We call it the cotangent Hom-Lie algebroid
and denote it by ϕ!πT
∗M .
Proof. For all f ∈ C∞(M) and ξ, η ∈ Γ(ϕ!T ∗M), since Adϕ∗ ◦ pi
♯ = pi♯ ◦Ad†ϕ∗ , we have
[ξ, fη]π♯ = Lπ♯(ξ)fη − Lπ♯(fη)ξ − d(fpi(ξ, η))
= ϕ∗(f)[ξ, η]π♯ +Adϕ∗(pi
♯(ξ))(f)Ad†ϕ∗η − df ∧ iπ♯(η)ξ − df ∧ ϕ
∗(pi(ξ, η))
= ϕ∗(f)[ξ, η]π♯ +Adϕ∗(pi
♯(ξ))(f)Ad†ϕ∗η
= ϕ∗(f)[ξ, η]π♯ + pi
♯(Ad†ϕ∗(ξ))(f)Ad
†
ϕ∗η. (48)
For ξ, η, ζ ∈ Γ(ϕ!T ∗M), define
A(ξ, η) = pi♯([ξ, η]π♯) ◦ ϕ
∗ − pi♯(Ad†ϕ∗ξ)pi
♯(η)− pi♯(Ad†ϕ∗η)pi
♯(ξ),
B(ξ, η, ζ) = [[ξ, η]π♯ ,Ad
†
ϕ∗(ζ)]π♯ + [[ζ, ξ]π♯ ,Ad
†
ϕ∗(η)]π♯ + [[η, ζ]π♯ ,Ad
†
ϕ∗(ξ)]π♯ .
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It follows from (48) that A is ϕ∗-function linear and B is (ϕ∗)2-function linear.
By (13) and (38), we have
[Ad†ϕ∗(ξ),Ad
†
ϕ∗(η)]π♯ = Lπ♯(Ad†
ϕ∗
(ξ))Ad
†
ϕ∗(η) − Lπ♯(Ad†
ϕ∗
(η))Ad
†
ϕ∗(ξ)− dpi(Ad
†
ϕ∗(ξ),Ad
†
ϕ∗(η))
= Ad†ϕ∗(Lπ♯(ξ)η − Lπ♯(η)ξ)− dϕ
∗(pi(ξ, η))
= Ad†ϕ∗([ξ, η]π♯),
which implies that Ad†ϕ∗ is an automorphism.
Since [df, dg]π♯ = d{f, g}, we have
[[df, dg]π♯ ,Ad
†
ϕ∗(dh)]π♯ + [[dh, df ]π♯ ,Ad
†
ϕ∗(dg)]π♯ + [[dg, dh]π♯ ,Ad
†
ϕ∗(df)]π♯
= {{f, g}, ϕ∗(h)}+ {{h, f}, ϕ∗(g)}+ {{g, h}, ϕ∗(f)} = 0,
which implies that B(df, dg, dh) = 0 and thus B = 0. Therefore, (Γ(ϕ!T ∗M), [·, ·]π♯ ,Ad
†
ϕ∗) is a
Hom-Lie algebra.
Because of the Hom-Jacobi identity of {·, ·}, we have
pi♯d{f, g}(ϕ∗(h)) = {{f, g}, ϕ∗(h)} = {ϕ∗(f), {g, h}} − {ϕ∗(g), {f, h}}
= ϕ∗ ◦ pi♯(df){(ϕ∗)−1(g), (ϕ∗)−1(h)} − ϕ∗ ◦ pi♯(dg){(ϕ∗)−1(f), (ϕ∗)−1(h)}
= ϕ∗ ◦ pi♯(df) ◦ (ϕ∗)−1 ◦ pi♯(dg)(h)− ϕ∗ ◦ pi♯(dg) ◦ (ϕ∗)−1 ◦ pi♯(df)(h)
= (Adϕ∗(pi
♯(df))pi♯(dg)−Adϕ∗(pi
♯(dg))pi♯(df))(h)
= (pi♯(Ad†ϕ∗df)pi
♯(dg)− pi♯(Ad†ϕ∗dg)pi
♯(df))(h),
which implies that A(df, dg) = 0 and thus A = 0.
On the other hand, since Adϕ∗ ◦ pi
♯ = pi♯ ◦Ad†ϕ∗ , we have
pi♯(Ad†ϕ∗ξ) ◦ ϕ
∗ = Adϕ∗ ◦ pi
♯(ξ) ◦ ϕ∗ = ϕ∗ ◦ pi♯(ξ).
Thus pi♯ is a representation of (Γ(ϕ!T ∗M), [·, ·]π♯ ,Ad
†
ϕ∗) on C
∞(M) with respect to ϕ∗.
Therefore, (ϕ!T ∗M,ϕ,Ad†ϕ∗ , [·, ·]π♯ , pi
♯) is Hom-Lie algebroid.
4 Hom-Lie bialgebroids
In this section, we introduce the notion of a Hom-Lie bialgebroid and show that the base manifold
of a Hom-Lie bialgebroid is a Hom-Poisson manifold.
Definition 4.1. Let (A,ϕ, φA) be an invertible Hom-bundle, (A,ϕ, φA, [·, ·]A, aA) and (A
∗, ϕ, φ
†
A,
[·, ·]A∗ , aA∗) two Hom-Lie algebroids in duality. We call (A,A
∗) a Hom-Lie bialgebroid if
d∗[x, y]A = Vd∗x, φA(y)WA + VφA(x), d∗yWA, ∀ x, y ∈ Γ(A), (49)
where d∗ is the coboundary operator given by (12) for the Hom-Lie algebroid (A
∗, ϕ, φ
†
A, [·, ·]A∗ , aA∗).
Remark 4.2. When ϕ = id and φA = id, a Hom-Lie algebroid is exactly a Lie bialgebroid
introduced in [15]. When the base manifold is a point, a Hom-Lie bialgebroid reduces to a purely
Hom-Lie bialgebra given in Definition 2.4.
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Proposition 4.3. Let (M,ϕ, pi) be a Hom-Poisson manifold. Then (ϕ!TM,ϕ!πT
∗M) is a Hom-Lie
bialgebroid, where ϕ!πT
∗M is the cotangent Hom-Lie algebroid associated to Hom-Poisson manifold
(M,ϕ, pi) given in Theorem 3.29.
Proof. First consider the differential operator d∗ associated to the Hom-Lie algebroid ϕ
!
πT
∗M , we
have
d∗X = VAd
−1
ϕ∗ (pi), XWϕ∗ = Vpi,XWϕ∗ = VAdϕ∗(pi), XWϕ∗ , X ∈ Γ(∧
kA). (50)
Then by direct calculation, for x, y ∈ Γ(ϕ!TM), we have
d∗[x, y]ϕ∗ = VAdϕ∗(pi), [x, y]ϕ∗Wϕ∗
= −VAdϕ∗(y), Vpi, xWϕ∗Wϕ∗ + VAdϕ∗(x), Vpi, yWϕ∗Wϕ∗
= Vd∗x,Adϕ∗(y)Wϕ∗ + VAdϕ∗(x), d∗yWϕ∗ ,
which implies that (ϕ!TM,ϕ!πT
∗M) is a Hom-Lie bialgebroid.
Lemma 4.4. Assume that (A,A∗) is a Hom-Lie bialgebroid. Then we have
Ldfx = [x, d∗f ]A, ∀ f ∈ C
∞(M), x ∈ Γ(A), (51)
where L is the Lie derivative of the Hom-Lie algebroid (A∗, ϕ, φ†A, [·, ·]A∗ , aA∗)
Proof. For all f ∈ C∞(M) and x, y ∈ Γ(A), by (49), we have
d∗[x, fy]A = d∗
(
ϕ∗(f)[x, y]A + aA(φA(x))(f)φA(y)
)
= d∗ϕ
∗(f) ∧ φA([x, y]A) + (ϕ
∗)2(f)
(
− LφA(y)d∗x+ LφA(x)d∗y
)
+d∗aA(φA(x))(f) ∧ φ
2
A(y) + ϕ
∗aA(φA(x))(f)d∗φA(y).
On the other hand, we have
d∗[x, fy]A = −LφA(fy)d∗x+ LφA(x)d∗(fy)
= −LφA(fy)d∗x+ (LφA(x)d∗f) ∧ φ
2
A(y) + φA(d∗f) ∧ LφA(x)(φA(y))
+(ϕ∗)2(f)LφA(x)d∗y + aA(φ
2
A(x))(ϕ
∗(f))φA(d∗y).
By (28), we have
LφA(fy)d∗x = (ϕ
∗)2(f)LφA(y)d∗x− φ
2
A(y) ∧ idfd∗x.
It thus follows that
(LφA(x)d∗f) ∧ φ
2
A(y) = (idfd∗x+ d∗aA(φA(x))(f)) ∧ φ
2
A(y),
which implies that
LφA(x)d∗f = LdfφA(x).
Thus, (51) follows immediately.
Denote by a∗A : ϕ
!T ∗M → A∗ and a∗A∗ : ϕ
!T ∗M → A the dual map of aA and aA∗ respectively.
Define pi♯ := aA ◦ a
∗
A∗ : ϕ
!T ∗M → ϕ!TM. We have the following formula.
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Corollary 4.5. With the above notions, we have
[d∗f, d∗g]A = d∗(pi
♯(δf)g). (52)
where δ is the differential operator associated to the tangent Hom-Lie algebroid ϕ!TM .
Theorem 4.6. Let (A,A∗) be a Hom-Lie bialgebroid. Then pi♯ : ϕ!T ∗M → ϕ!TM defines a Hom-
Poisson structure on M , and so does p¯i♯ = aA∗ ◦ a
∗
A : ϕ
!T ∗M → ϕ!TM . Moreover, pi♯ and p¯i♯ are
opposite to one another.
Proof. It is not hard to see that pi is skew-symmetric. Let {f, g} = pi♯(δf)(g) as usual. Then we
have
ϕ∗{f, g} = ϕ∗〈df, d∗g〉 = 〈φ
†
A(df), φA(d∗g)〉 = 〈dϕ
∗(f), d∗ϕ
∗(g)〉 = {ϕ∗(f), ϕ∗(g)},
which implies that ϕ∗ is an algebra homomorphism. Applying aA to both sides of (52), we have
pi♯δ({f, g}) = [pi♯δf, pi♯δg]ϕ∗ ,
which is equivalent to the Hom-Jacobi identity of the bracket {·, ·}. Thus pi defines a Hom-Poisson
structure on M . The rest of the proposition can be obtained directly.
Proposition 4.7. If (A,A∗) is a Hom-Lie bialgebroid, then so is (A∗, A).
Proof. By direct calculation, we have
〈−d[ξ, η]A∗ + Vφ
†
A(ξ), dηWA∗ − Vφ
†
A(η), dξWA∗ , φ
2
A(x) ∧ φ
2
A(y)〉
= 〈−d∗[x, y]A − VφA(y), d∗xWA + VφA(x), d∗yWA, (φ
†
A)
2(ξ) ∧ (φ†A)
2(η)〉
+Ld(ixξ)(iyη)− Ld(iyξ)(ixη)− Ld(ixη)(iyξ) + Ld(iyη)(ixξ)
= 〈−d∗[x, y]A − VφA(y), d∗xWA + VφA(x), d∗yWA, (φ
†
A)
2(ξ) ∧ (φ†A)
2(η)〉
= 0.
The second equality follows from Ldf (g) = −Ldg(f), which can be obtained from Theorem 4.6.
5 Hom-Courant algebroids
In this section, we introduce the notion of a Hom-Courant algebroid and show that on the double
of a Hom-Lie bialgebroid, there is a Hom-Courant algebroid structure. Moreover, we also give the
underlying algebraic structure of a Hom-Courant algebroid. First we recall that a Hom-Leibniz
algebra, which was introduced in [16], is a triple (g,⊙, φg) consisting of a vector space g, a bilinear
map ⊙ : g× g −→ g and a linear transformation φg : g → g satisfying φg(x⊙ y) = φg(x) ⊙ φg(y),
and the following Hom-Leibniz rule
φg(x) ⊙ (y ⊙ z) = (x ⊙ y)⊙ φg(z) + φg(y)⊙ (x ⊙ z), ∀x, y, z ∈ g. (53)
Definition 5.1. A Hom-Courant algebroid is an invertible Hom-bundle (E → M,ϕ, φE) together
with a nondegenerate symmetric bilinear form B on the bundle, a bilinear operation ⊙ on Γ(E)
and a bundle map ρ : E → ϕ!TM such that the following conditions are satisfied:
(i) (Γ(E),⊙, φE) is a Hom-Leibniz algebra;
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(ii) ρ(φE(e)) ◦ ϕ
∗ = ϕ∗ ◦ ρ(e), ∀e ∈ Γ(E);
(iii) ρ(e1 ⊙ e2) = [ρ(e1), ρ(e2)]ϕ∗ , ∀e1, e2 ∈ Γ(E);
(iv) e⊙ e = 12DB(e, e), ∀e ∈ Γ(E);
(v) B(φE(e1), φE(e2)) = ϕ
∗B(e1, e2), ∀e1, e2 ∈ Γ(E);
(vi) ρ(φE(e))B(h1, h2) = B(e⊙ h1, φE(h2)) +B(φE(h1), e⊙ h2), ∀e, h1, h2 ∈ Γ(E),
where D : C∞(M)→ Γ(E) is defined by
B(Df, e) = ρ(e)f. (54)
We denote a Hom-Courant algebroid by (E,ϕ, φE , B,⊙, ρ).
Remark 5.2. When ϕ = id and φE = id, a Hom-Courant algebroid is exactly a Courant algebroid
introduced in [13, 18]. When M is a point, a Hom-Courant algebroid reduces to a quadratic Hom-
Lie algebra introduced in [4].
Lemma 5.3. Let (E,ϕ, φE , B,⊙, ρ) be a Hom-Courant algebroid. Then for all e ∈ Γ(E), f, g ∈
C∞(M), we have
ρ ◦ D = 0,
φE ◦D = D ◦ ϕ
∗,
D(fg) = D(f)ϕ∗(g) + ϕ∗(f)D(g),
e⊙Df = DB(Df, e),
Df ⊙ e = 0.
Proof.We only give the proof of the fourth equality, others can be proved similarly. For h ∈ Γ(E),
by conditions (iii) and (vi) in Definition 5.1,
ρ(φE(e))(ρ(φE(h))f) = ρ(φE(e))(B(Df, φE(h)))
= B(e⊙Df, φ2E(h)) +B(φE(Df), e⊙ φE(h))
= B(e⊙Df, φ2E(h)) + ρ(e⊙ φE(h))(ϕ
∗(f))
= B(e⊙Df, φ2E(h)) + ρ(φE(e))(ρ(φE(h))(f)) − ρ(φ
2
E(h))(ρ(e)(f)).
Hence,
B(e⊙Df, φ2E(h)) = ρ(φ
2
E(h))(ρ(e)(f)) = B(Dρ(e)f, φ
2
E(h)) = B(DB(Df, e), φ
2
E(h)),
which implies that e⊙Df = DB(Df, e).
Lemma 5.4. Let (E,ϕ, φE , B,⊙, ρ) be a Hom-Courant algebroid. For all f ∈ C
∞(M), e, h ∈ Γ(E),
we have
e⊙ fh = ϕ∗(f)e⊙ h+ ρ(φE(e))(f)φE(h), (55)
(fe)⊙ h = ϕ∗(f)e⊙ h− ρ(φE(h))(f)φE(e) +D(f)ϕ
∗(B(e, h)). (56)
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Proof. By condition (vi) in Definition 5.1, we have
ρ(φE(e))B(fh1, h2) = B(e⊙ fh1, φE(h2)) +B(φE(fh1), e⊙ h2)
= B(e⊙ fh1, φE(h2)) + ϕ
∗(f)B(φE(h1), e⊙ h2).
On the other hand, we have
ρ(φE(e))B(fh1, h2) = ρ(φE(e))(fB(h1, h2))
= ρ(φE(e))(f)ϕ
∗(B(h1, h2)) + ϕ
∗(f)ρ(φE(e))(B(h1, h2))
= ρ(φE(e))(f)ϕ
∗(B(h1, h2)) + ϕ
∗(f)B(e⊙ h1, φE(h2))
+ϕ∗(f)B(φE(h1), e⊙ h2).
Thus, we have
B(e⊙ fh1, φE(h2)) = ϕ
∗(f)B(e⊙ h1, φE(h2)) + ρ(φE(e))(f)ϕ
∗(B(h1, h2))
= ϕ∗(f)B(e⊙ h1, φE(h2)) + ρ(φE(e))(f)B(φE(h1), φE(h2))
= B(ϕ∗(f)e⊙ h1 + ρ(φE(e))(f)φE(h1), φE(h2)),
which implies that (55) holds.
Suppose that (A,ϕ, φA, [·, ·]A, aA) and (A
∗, ϕ, φ
†
A, [·, ·]A∗ , aA∗) are Hom-Lie algebroids over the
base manifold M . Let E denote their vector bundle direct sum: E = A⊕A∗. On Γ(E), there is a
natural nondegenerate symmetric bilinear form given by
B(x+ ξ, y + η) = ξ(y) + η(x), ∀ x, y ∈ Γ(A), ξ, η ∈ Γ(A∗). (57)
On Γ(E), we introduce an operation ⊙ : Γ(E)× Γ(E) −→ Γ(E) by
(x+ ξ)⊙ (y + η) =
(
[x, y]A + Lξy − iηd∗φ
−1
A (x)
)
+
(
[ξ, η]A∗ + Lxη − iyd(φ
†
A)
−1(ξ)
)
. (58)
Define φE : Γ(E) −→ Γ(E) by φE = φA ⊕ φ
†
A. That is
φE(x+ ξ) = φA(x) + φ
†
A(ξ). (59)
Finally, we let ρ : E → ϕ!TM be the bundle map defined by ρ = aA + aA∗ . That is
ρ(x+ ξ) = aA(x) + aA∗(ξ). (60)
Theorem 5.5. Let (A,A∗) be a Hom-Lie bialgebroid. Then (E = A ⊕ A∗, ϕ, φE , B,⊙, ρ) is a
Hom-Courant algebroid, where B is given by (57), ⊙ is given by (58), φE is given by (59) and ρ
is given by (60).
Proof. Since aA and aA∗ are representations of Hom-Lie algebroids A and A
∗ respectively, it is
easy to see that condition (ii) in Definition 5.1 holds.
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By (51), for f ∈ C∞(M), we have
ρ(x⊙ η)(f) = −aA(iηd∗φ
−1
A (x))(f) + aA∗(Lxη)(f) = −(d∗x)(φ
†
A(η), df) + (Lxη)(d∗f)
= −aA∗(φ
†
A(η))(x(d(ϕ
∗)−1(f))) + aA(df)(x(η)) + φA(x)([η, d(ϕ
∗)−1(f)]A∗)
+aA(φA(x))(η(d∗(ϕ
∗)−1(f)))− (φ†A(η))([x, d∗(ϕ
∗)−1(f)]A)
= −aA∗(φ
†
A(η))
(
aA(x)((ϕ
∗)−1(f))
)
+ (Ld(ϕ∗)−1(f)x)(φ
†
A(η))
+aA(φA(x))
(
aA∗(η)((ϕ
∗)−1(f))
)
− (φ†A(η))([x, d∗(ϕ
∗)−1(f)]A)
= −aA∗(φ
†
A(η))
(
aA(x)((ϕ
∗)−1(f))
)
+ aA(φA(x))
(
aA∗(η)((ϕ
∗)−1(f))
)
= [ρ(x), ρ(η)]ϕ∗ (f).
Also, for x, y ∈ Γ(A), ξ, η ∈ Γ(A∗), we have
aA([x, y]A) = [aA(x), aA(y)]ϕ∗ , aA∗([ξ, η]A∗) = [aA∗(ξ), aA∗(η)]ϕ∗ .
Thus, for all e1, e2 ∈ Γ(E), we have ρ(e1 ⊙ e2) = [ρ(e1), ρ(e2)]ϕ∗ , i.e. condition (iii) in Definition
5.1 holds.
By direct calculation, conditions (iv), (v) and (vi) in Definition 5.1 follow immediately. We
omit the detail.
At last, we prove that (Γ(E),⊙, φE) is a Hom-Leibniz algebra. By (13), (25) and (38), we can
obtain that
φE(e1 ⊙ e2) = φE(e1)⊙ φE(e2), ∀e1, e2 ∈ Γ(E).
In the following, we prove that the Hom-Leibniz identity holds, i.e.
φE(e1)⊙ (e2 ⊙ e3) = (e1 ⊙ e2)⊙ φE(e3) + φE(e2)⊙ (e1 ⊙ e3). (61)
By (25), (25) and (38), for x, y ∈ Γ(A), ξ, η ∈ Γ(A∗), we have
B(φA(x)⊙ (y ⊙ ξ)− (x ⊙ y)⊙ φE(ξ)− φE(y)⊙ (x⊙ ξ), η)
= B(i
φ
†
A
(ξ)d∗φ
−1
A ([x, y]A) + iLxξd∗y − iLyδd∗x− [φA(x), iξd∗φ
−1
A (y)]A + [φA(y), iξd∗φ
−1
A (x)]A, η)
= (d∗[x, y]A)((φ
†
A)
2(ξ), η) + (d∗φA(y))(LφA(x)φ
†
A(ξ), η) − (d∗φA(x))(LφA(y)φ
†
A(ξ), η)
+(d∗φA(y))((φ
†
A)
2(ξ), LφA(x)(φ
†
A)
−1(η))− aA(φ
2
A(x))((d∗y)(φ
†
A(ξ), (φ
†
A)
−1(η)))
−(d∗φA(x))((φ
†
A)
2(ξ), LφA(y)(φ
†
A)
−1(η)) + aA(φ
2
A(y))((d∗x)(φ
†
A(ξ), (φ
†
A)
−1(η)))
= (d∗[x, y]A)((φ
†
A)
2(ξ), η)− ((φ†A)
2(ξ) ∧ η)(VφA(x), d∗yWA) + ((φ
†
A)
2(ξ) ∧ η)(VφA(y), d∗xWA)
= B(d∗[x, y]A − VφA(x), d∗yWA + VφA(y), d∗xWA, (φ
†
A)
2(ξ) ∧ η)
= 0,
which implies that (61) holds for x, y ∈ Γ(A), ξ ∈ Γ(A∗).
By Proposition 4.7, (61) holds for x ∈ Γ(A), ξ, η ∈ Γ(A∗). Therefore, (E = A⊕A∗, ϕ,B,⊙, φE , ρ)
is a Hom-Courant algebroid.
Remark 5.6. When ϕ = id and φA = id, a Hom-Lie bialgebroid is a Lie bialgebroid. The Hom-
Courant algebroid given in the above theorem is exactly the Courant algebroid on the double of a
Lie bialgebroid ([13]). When M is a point, a Hom-Lie bialgebroid reduces to a purely Hom-Lie
bialgebra (Definition 2.4). The Hom-Courant algebroid given in the above theorem is exactly the
quadratic Hom-Lie algebra given in Theorem 2.5.
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Associated to any manifold M and a diffeomorphism ϕ : M −→ M , there is a standard Hom-
Courant algebroid.
Example 5.7. (ϕ!TM ⊕ ϕ!T ∗M,ϕ,Adϕ∗ ⊕Ad
†
ϕ∗ , B,⊙, ρ = prϕ!TM ) is a Hom-Courant algebroid,
where the symmetric nondegenerate bilinear form B is given by (57) for all x, y ∈ Γ(ϕ!TM), ξ, η ∈
Γ(ϕ!T ∗M) and the bilinear map ⊙ is given by
(x+ ξ)⊙ (y + η) = [x, y]A + Lxη − iyd(φ
†
A)
−1(ξ).
Finally, we study the algebraic structure underlying of a Hom-Courant algebroid. Similar as
the fact that a Courant algebroid gives rise to a Lie 2-algebra, a Hom-Courant algebroid gives rise
to a Hom-Lie 2-algebra.
Definition 5.8. ([21]) A Hom-Lie 2-algebra consists of the following data:
• a complex of vector spaces V : V1
l1−→ V0,
• bilinear maps l2, : Vi × Vj −→ Vi+j ,
• a skew-symmetric trilinear map l3 : V0 × V0 × V0 −→ V1,
• two linear transformations φ0 ∈ gl(V0) and φ1 ∈ gl(V1) satisfying
φ0 ◦ l1 = l1 ◦ φ1, φ0 ◦ l2 = l2 ◦ (φ0 × φ0), φ1 ◦ l2 = l2 ◦ (φ0 × φ1), l3 ◦ φ0 = φ1 ◦ l3
such that for any w, x, y, z ∈ V0 and m,n ∈ V1, the following equalities are satisfied:
(a) l2(x, y) = −l2(y, x), l2(x,m) = −l2(m,x),
(b) l1l2(x,m) = l2(x, l1(m)), l2(l1(m), n) = l2(m, l1(n)),
(c1) l1l3(x, y, z) = l2(φ0(x), l2(y, z)) + l2(φ0(y), l2(z, x)) + l2(φ0(z), l2(x, y)),
(c2) l3(x, y, l1(m)) = l2(φ0(x), l2(y,m)) + l2(φ0(y), l2(m,x)) + l2(φ1(m), l2(x, y)),
(d)
l3(l2(w, x), φ0(y), φ0(z)) + l2(l3(w, x, z), φ
2
0(y))
+l3(φ0(w), l2(x, z), φ0(y)) + l3(l2(w, z), φ0(x), φ0(y))
= l2(l3(w, x, y), φ
2
0(z)) + l3(l2(w, y), φ0(x), φ0(z)) + l3(φ0(w), l2(x, y), φ0(z))
+l2(φ
2
0(w), l3(x, y, z)) + l2(l3(w, y, z), φ
2
0(x)) + l3(φ0(w), l2(y, z), φ0(x)).
We denote a Hom-Lie 2-algebra by (V , l1, l2, l3, φ0, φ1).
Let (E,ϕ,B(·, ·),⊙, φE , ρ) be a Hom-Courant algebroid. We introduce a new bracket on Γ(E),
Je1, e2K =
1
2
(e1 ⊙ e2 − e2 ⊙ e1), e1, e2 ∈ Γ(E),
which is the skew-symmetrization of ⊙.
Consider the graded vector space V = V0 ⊕ V1, where V0 = Γ(E) and V1 = C
∞(M).
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Theorem 5.9. A Hom-Courant algebroid (E,ϕ, φE , B,⊙, ρ) gives rise to a Hom-Lie 2-algebra
(V , l1, l2, l3, φ0, φ1), where φ0, φ1 and l1, l2, l3 are given by the following formulas:
φ0(e) = φE(e),
φ1(f) = ϕ
∗(f),
l1(f) = Df,
l2(e1 ∧ e2) = Je1, e2K,
l2(e ∧ f) =
1
2
B(e,Df),
l3(e1 ∧ e2 ∧ e3) = −T (e1, e2, e3),
for all f ∈ C∞(M), e ∈ Γ(E), e1, e2, e3 ∈ Γ(E), where T : Γ(E) × Γ(E) × Γ(E) −→ C
∞(M) is
given by
T (e1, e2, e3) =
1
6
B(Je1, e2K, φE(e3)) + c.p., ∀e1, e2, e3 ∈ Γ(E).
Proof. The proof is parallel to the proof of [19, Theorem 4.3]. We omit details.
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